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Role of the particle size 
polydispersity in the electrical 
conductivity of carbon nanotube-
epoxy composites
Maryam Majidian1, Claudio Grimaldi1, László Forró1 & Arnaud Magrez1,2
Carbon nanotubes (CTNs) with large aspect-ratios are extensively used to establish electrical 
connectedness in polymer melts at very low CNT loadings. However, the CNT size polydispersity 
and the quality of the dispersion are still not fully understood factors that can substantially alter the 
desired characteristics of CNT nanocomposites. Here we demonstrate that the electrical conductivity 
of polydisperse CNT-epoxy composites with purposely-tailored distributions of the nanotube length L 
is a quasiuniversal function of the first moment of L. This finding challenges the current understanding 
that the conductivity depends upon higher moments of the CNT length. We explain the observed 
quasiuniversality by a combined effect between the particle size polydispersity and clustering. This 
mechanism can be exploited to achieve controlled tuning of the electrical transport in general CNT 
nanocomposites.
The relatively high level of the electrical conduction at very low filler concentrations makes carbon 
nanotube-polymer composites attractive materials for a wide range of applications where unaltered optical and/or 
mechanical properties of the host-insulating medium are required1–5. In these systems, as generally in other poly-
mer nanocomposites, the electrical connections between the conducting particles are established by tunnelling of 
electrons across the thin polymer layer separating the conductive fillers. The enhanced electrical connectedness of 
polymers filled with carbon nanotubes (CNTs) is understood as being driven by the increased excluded-volume 
associated with the high aspect-ratios of CNTs6,7, which has the net effect of reducing the minimal (or critical) 
inter-particle distance (δc) that the electrons have to tunnel in order to establish a system-spanning tunnelling 
connectivity8–14. For this reason, polymers filled with longer CNTs are expected to conduct electricity at lower 
CNT concentrations, as it is generally observed in experiments15,16. The optimization of the electrical-mechanical 
performances of CNT-polymer materials is however hindered by the almost inevitable polydispersity in length 
(L) and diameter (D) of the nanotubes, which is thought to be one factor responsible for major discrepancies 
observed in the conductivities of apparently similar CNT-polymer composites2,17.
Recently, a testable prediction about the effect of nanotube polydispersity has been made by applying the con-
nectedness percolation theory to the liquid-state dispersions of slender, straight and polydisperse rod-like parti-
cles. It has been shown that the minimum filler loading required to establishing a system-spanning cluster of 
connected rods, also referred to as the percolation threshold, is inversely proportional to the weighted average 
= 〈 〉 〈 〉L L L/w
2  of the rod lengths18–23, where the brackets denote averages over the distribution of L. Numerical 
simulations have confirmed and extended this finding by showing that the percolation threshold is a 
quasi-universal function of Lw even for homogeneous dispersions of straight rods of intermediate aspect 
ratios11,24,25.
When applied to dispersions of rods with inter-particle tunnelling, these results amount to predict that the 
critical tunnelling distance δc depends upon the rod length distribution only through Lw for a given volume frac-
tion of the nanotubes11,13,26. The resulting bulk conductivity σ is thus expected to display a similar quasi-universal 
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behaviour as a function of Lw, implying that knowledge of the scaled variance of L, 〈 〉 〈 〉 −L L/ 12 2 , is necessary in 
order to control σ.
Although theories and simulations agree in identifying Lw as the relevant rod length scale governing the con-
ductivity of polydispersed rod-like particles, to the best of our knowledge there are no experiments specifically 
designed to verify this prediction in real composites. In particular, although deviations from an ideally homo-
geneous dispersion of the nanotubes are common in CNT-polymer composites2–4, their effect on the predicted 
Lw-scaling is currently unknown.
Here we demonstrate that conductivities measured in CNT-epoxy composites with different, purposely tai-
lored length distributions of the CNTs, but with equal concentration of nanotubes, do not scale with Lw, but rather 
follow a quasi-universal dependence upon the number average of the CNT lengths, = 〈 〉L Ln , regardless of the 
particular distribution function of L. By combining inter-particle tunnelling with a generalised connectedness 
percolation theory, we explain the observed Ln-scaling of σ in terms of local clusters of tightly interlaced nano-
tubes present in our samples, whose effect is to change the relevant CNT length scale from Lw to Ln. Our theoret-
ical and experimental results suggest that the conductivity of CNT nanocomposites, if processed to enhance 
clustering of the nanotubes, can be made practically insensitive to the scaled variance of the CNT length 
distribution.
Results
CNT-epoxy composites with unimodal distribution of nanotube lengths. We synthesized multi-
walled CNTs by catalytic chemical vapour deposition as described in ref.27 and in the Method section. We pro-
duced five different batches of CNTs with specific nanotube length distributions by cutting the as-grown CNTs by 
planetary ball milling. The use of the ball milling apparatus enabled the tailoring of the CNT lengths through 
specific combinations of milling times and rotational speeds28. The resulting CNT length distributions obtained 
from about 500 manually measured nanotube lengths from SEM micrographs, are shown in the histograms of 
Fig. 1 for five different combinations of the milling time and rotational speed. We have labeled the different 
batches as indicated in Fig. 1. To a good approximation, all distributions follow a lognormal distribution function, 
as observed in a previous report28 (Supplementary Fig. 1). The Lw−Ln plot of Fig. 2 shows that the weighted and 
number averages of the CNT lengths (filled squares) decrease gradually from =L 5166w  nm and =L 2277n  nm 
(“Long” CNTs) to =L 913w  nm and =L 590n  nm (“Short” CNTs), respectively, as the milling time and the rota-
tional speed change from 30 min at 200 rpm to 6 h at 400 rpm. The scaled variance 〈 〉 〈 〉 − = −L L L L/ 1 / 1w n
2 2  is 
maximum for the “Long” CNTs (130 %) and minimum for the “Long” CNTs (55 %) (Supplementary Fig. 2).
For each batch of CNTs with a specific length distribution, we fabricated CNT-epoxy nanocomposites by dis-
persing the nanotubes in a SU8 matrix. SU8 is an epoxy-based UV-sensitive photoresist, particularly suited for 
thick-film applications, with a versatile patternability even if loaded with nanoparticle (Fig. 3a). In the present 
study, the CNT concentration was kept at x = 0.6 %wt with respect to the weight of the SU8 resin, which corre-
sponds to a CNT volume fraction φ ρ ρ ρ= + = .x SU CNT x SU8/( 8) 0 28%, where ρ = .SU8 0 998 g/cm3 and 
ρ = .2 1CNT  g/cm
3 are the mass densities of SU8 and CNTs, respectively29. The processing temperature was low 
enough to prevent cross-linking of the epoxy. Examples of the morphology of the so-obtained CNT-SU8 compos-
ites are shown in the SEM and TEM images of Fig. 3b–e. From the analysis of TEM images of microtome slices of 
the composites, we have determined that the CNT diameters (denoted D) follow a lognormal distribution with 
first and second moments of D given by 〈 〉 =D 16 nm and 〈 〉 =D 3462  nm (Supplementary Fig. 3). Apart from the 
modified CNT length distribution, the so-obtained composites are similar to the non-polymerized CNT-SU8 
samples studied in ref.29. These have been shown to exhibit a conductivity behaviour as a function of the CNT 
volume fraction that was consistent with a tunnelling-dominated transport mechanism.
The conductivity data obtained from 4-point-probe measurements of the five sets of CNT-SU8 composites are 
shown in Fig. 4 (filled squares) as a function of the inverse of the weighted average Lw of the CNT lengths. The 
conductivity gradually increases as Lw is enhanced, which is consistent with the general trend expected in disper-
sions of conducting rod-like particles. As mentioned above, theories and simulations on systems of polydispersed 
rods predict that the tunnelling conductivity depends on the length distribution of the rods only through Lw. This 
is readily seen by adopting the critical distance approximation for σ8,12,30–32
σ σ δ ξ− e , (1)0
2 /c
where σ0 is a conductivity prefactor and ξ is the localization length, and by using
δ
φ
〈 〉

D
L2 (2)c w
2
for the critical tunnelling distance11,13,26. The latter expression derives from the second virial approximation 
of the liquid-state integral equation theory of percolation applied to a system of tunnelling connected rods 
homogeneously dispersed in an insulating matrix18,22,23,25. Equation 2 can also be derived from the Bethe lattice 
approach19–21, or from the random geometric graph theory of ref.35. All these methods rely on the irrelevance of 
closed loops in the network formed by connected rods of asymptotically large aspect ratios35.
Although equations (1) and (2) predict a linear decrease of σln( ) with L1/ w, the data of Fig. 4 follow a straight 
line only if we exclude the case with the shortest Lw. A linear fit to the remaining σln( ) data gives a slope equal to 
about = −m 9200 nm (inset of Fig. 4). Using φ = .0 28% and 〈 〉 D 3462  nm2, this value of m leads to ξ ≈ 13 nm. 
While being 5 to 10 times larger than the expected value of the localization length for polymer composites, this 
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value of ξ is not large enough to invalidate the theory. Deviations from idealized models not considered in equa-
tion (2) may indeed account for this quantitative discrepancy8.
Bimodal distribution of CNT lengths. To make a more stringent test, we fabricated additional CNT-SU8 
composites with specifically engineered nanotube length dispersions. The rationale behind this approach is that 
the predicted scaling of σ with L1/ w should not depend on the specific distribution function of L (which is approx-
imately lognormal for the as-milled samples of Fig. 1) and that the same scaling should therefore manifest also for 
other types of the CNT length distribution. To verify this property, we have produced samples of CNT-SU8 by 
mixing nanotubes taken from the Long and Short batches of the as-milled CNTs with chosen values p of the num-
ber fraction of the Long nanotubes. In this way, the distribution of the nanotube lengths becomes bimodal: 
ρ ρ ρ= + −L p L p L( ) ( ) (1 ) ( )p Long Short , where ρLong and ρShort are the length distribution functions of the Long and 
Short CNT batches, respectively. Characterisation by SEM analysis shows that the so-obtained CNT length distri-
bution follows the predicted bimodal distribution function (Supplementary Fig. 4). In preparing the new 
Figure 1. Normalized frequency of the as-milled CNT lengths as measured from SEM images. From the top 
panel to the bottom panel, the distributions become increasingly narrow.
www.nature.com/scientificreports/
4SCientifiC REPORTs | 7: 12553  | DOI:10.1038/s41598-017-12857-8
CNT-SU8 samples, we have taken the same CNT concentration of the as-milled composites ( = .x 0 6 %wt) with 
= .p 0 07, 0.2, and 0.4. The resulting number and weighted length averages, obtained respectively from 
= 〈 〉 + − 〈 〉L p p L p L( ) (1 )n Long Short  and = 〈 〉 + − 〈 〉L p p L p L L p( ) [ (1 ) ]/ ( )w n
2
Long
2
Short  where the subscript 
“Long” (“Short”) denotes an average over ρ L( )Long  [ρ L( )Short ], are shown in Fig. 2 (filled circles). Varying the frac-
tion of Long CNTs results in a trajectory in the Lw−1/Ln plot (filled circles) that is different from that of the 
as-milled CNT batches, as seen in Fig. 2. Furthermore, the scaled variance of the bimodal CNTs is always larger 
than than of the unimodal nanotubes, attaining 220 % for = .p 0 2 (Supplementary Fig. 2).
When plotted as a function of 1/Lw, the conductivity behaviour of CNT-SU8 composites with bimodal CNT 
distributions differs from that of the CNT-SU8 samples with as-milled CNTs. This is clearly seen in Fig. 4 where 
σ for the bimodal samples (filled circles) is well below that of the as-milled systems (filled squares) for comparable 
values of 1/Lw. The finding that the conductivities of the two sets of composites fail to follow a common curve 
when plotted as a function of 1/Lw is in conflict with the prediction of model systems of polydispersed rods, and 
it implies that the agreement between theory and experiment discusses above is, actually, only apparent.
Surprisingly, although our CNT-SU8 composites do not follow the predicted 1/Lw scaling, they do however 
show a clear universal behaviour with respect to the inverse of the mean CNT length = 〈 〉L Ln . This is demon-
strated in Fig. 5a where we have replotted the measured values of σ as a function of 1/Ln: regardless of the specific 
distribution function of the CNT lengths, the conductivity data collapse into a single curve as a function of 1/Ln.
Modelling of the critical tunnelling distance. Figure 5a implies that the rod length scale that is relevant 
for transport in CNT-SU8 composites is Ln rather than Lw. To explain this result we model the critical tunnelling 
distance δc by relaxing the requirement, from which equation (2) is derived, that the nanotubes in our CNT-SU8 
composites can be approximated as straight rod-like particles that are homogeneously dispersed in the epoxy. 
Deviations from such an idealized morphology are common in CNT-polymer nanocomposites, as they are very 
sensitive to the chemical composition of the matrix and to the processing history of the material2,4,33,34. In particu-
lar, SEM and TEM images of our CNT-SU8 composites (Fig. 3) show that the nanotubes form spaghetti-like 
networks with local clusters of tightly interlaced CNTs. The resulting network morphology is schematically rep-
resented in Fig. 5b which shows CNT clusters connected by dispersed nanotubes.
To model the electrical connectedness associated to the network topology of Fig. 5b, we make use of the ran-
dom geometrical graph theory of continuum percolation35 to account for the waviness of the nanotubes and the 
local CNT clusters. The latter are modelled by a phenomenological contact term in the pair distribution function 
of the nanotubes to account for the enhanced probability of finding nanotubes at contact when clusters are pres-
ent. In this way, we obtain that the mean number of nanotubes of length L′ which are at distance δ from a given 
nanotube of length L is (see Methods)
π ρ δ′ = + ′Z L L LL( , ) Z
2
, (3)cl
where ρ is the number density of the CNTs and Zcl is the mean coordination number of nanotubes at contact, 
which we treat for the moment as a constant. The large aspect ratio of the nanotubes justifies a tree-like approxi-
mation for the network, from which we obtain that the mean size of the component connected to the selected 
nanotube is
= + 〈 ′ ′ 〉′T L Z L L T L( ) 1 ( , ) ( ) , (4)
where 〈 〉′  denotes an average over ′L . The critical tunnelling distance δc is the smallest value of δ such that 〈 〉T L( )  
diverges. From equations (3) and (4) we obtain therefore the following analytical formula for δc:
Figure 2. The weighted average = 〈 〉 〈 〉L L L/w
2  and the number average = 〈 〉L Ln  of the CNT lengths for the as-
milled nanotubes (filled squares) and for the bimodal length distributions (filled circles).
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5SCientifiC REPORTs | 7: 12553  | DOI:10.1038/s41598-017-12857-8
δ
φ
=
〈 〉 −
− +
D
L L2
1 Z
(1 Z ) Z
,
(5)c w n
2
cl
cl cl
where − >1 Z 0cl  to ensure that δc is positive and φ ρ π= 〈 〉〈 〉D L( /4)
2  is the volume fraction of the CNTs. Despite 
its simplicity, equation (5) is a non-trivial result showing the effect that clustering has on the CNT length scale 
relevant for percolation. The limit of ideally homogeneous distributions of CNTs (that is, no clustering) is 
obtained by setting =Z 0cl  in equation (5), from which we recover equation (2). In this limit, therefore, the rele-
vant length scale for transport at a given φ is Lw. Allowing for particle clustering ( ≠Z 0cl ) changes qualitatively 
the role that nanotube polydispersity has on δc. Remarkably, at the lowest order in −1 Zcl we find from equation 
(5) that:
Figure 3. (a) SU8 patterned by UV-lithography process loaded with nanoparticles (0.6 wt% of reduced 
graphene oxide). (b,c) SEM images of two regions of the same CNT-SU8 sample. In (b) the nanotubes appear to 
be well dispersed while c shows a local cluster of tightly interlaced CNTs. (d,e) TEM images showing local CNT 
clusters. In (b–e) the CNT volume fraction is 0.28 %.
Figure 4. Natural logarithm of the conductivity measured in CNT-SU8 nanocomposites as a function of L1/ w. 
Each symbol represents an average over five independent conductivity measurements. Data for the composites 
with as-milled CNTs are shown by filled squares, while those with bi-modal CNT length distributions are 
shown by filled circles. Inset: linear fit of the as-milled samples.
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δ
φ
=
〈 〉
−
D
L2
(1 Z ),
(6)c n
2
cl
which predicts that δc, and so the conductivity, is an universal function of = 〈 〉L Ln  in this regime.
What equation (6) hints at is that the common dependence of σ upon Ln exhibited by both the as-milled and 
bimodal samples of CNT-SU8 composites originates from particle clustering effects. A linear fit of the data of 
Fig. 5a to σln( ) vs. 1/Ln (dashed line) gives a slope of about = −m 3500 nm which, using equations (1) and (6), 
corresponds to a localization length of about ξ = − −
φ
〈 〉
(1 Z ) 35(1 Z )D
m cl cl
2
 nm. A realistic value of ξ (ξ ∼ 3–4 
nm) can therefore be deduced by a clustering parameter of about = .Z 0 9cl , suggesting a rather important devia-
tion from an ideal homogeneous dispersion of the CNTs in the SU8 epoxy.
The linear dependence of σln( ) upon 1/Ln predicted by equation (6) is only in partial agreement with the 
experimental data of Fig. 5a, which show a positive curvature as a function of 1/Ln. The fit can be greatly improved 
by allowing a weak dependence of Zcl on the CNT lengths, which we parametrise by assuming that Zcl scales as 
β−Ln . For β = 1/10, the best fit is obtained for ξ . 2 7 nm (solid line in Fig. 5a) with the resulting value of Zcl 
being in the range 0.9–0.8 for all Ln. Equally accurate fits can be achieved by choosing different values of the expo-
nent β, which gives the corresponding ξ and Zcl shown in Fig. 5c,d. Provided that β .0 2, we still obtain physi-
cally acceptable values of the localisation length (say, ξ 5 nm) while − .1 Z 0 4cl  in the entire range of 1/Ln 
probed by the experiments.
By using a different modelling of the clustering effect in a network of polydisperse rods, Chatterjee26,36 has 
recently reached a result similar to the one presented here: namely, that enhanced clustering promotes a Ln
-dependence of the electrical connectedness. In particular, the theory of refs26,36 predicts that the critical distance, 
and so σln( ), is proportional to 1/Ln for sufficiently clustered rods, as in equation (6). There are however quantita-
tive differences, due presumably to an approximation scheme different from the one employed here.
Discussion
The size polydispersity of the nanotubes and their dispersion in the matrix are factors that strongly influence the 
conductivity characteristics of CNT-polymer nanocomposites. Our experiments on polydisperse CNT-SU8 mate-
rials and the theoretical modelling hint at a simple, yet comprehensive, understanding of these factors and of the 
role they have in the conductivity behaviour of the composite. Of particular interest for the optimisation of the 
transport properties of CNT-polymer materials is the interplay between particle size polydispersity and clustering 
that is exhibited by equation (5). Indeed, if on the one hand a pronounced CNT polydispersity in homogeneous 
dispersions generally enhances the conductivity because >L Lw n, on the other hand clustering effects tend to 
marginalise the role of polydispersity by at the same time enhancing σ. It is thus possible to ignore the effect of 
particle polydispersity and have high levels of the conductivity if the CNT dispersion is sufficiently clustered. This 
has practical implications, because it allows to characterize clustered CNT-polymer composites through a single 
moment, Ln, of the nanotube lengths.
Since the CNT volume fraction in our composites was held constant, we did not study its effect on the length 
distribution dependence of σ. Depending on whether Zcl is affected or not by the CNT loading, we can expect two 
Figure 5. (a) Natural logarithm of the conductivity measured in CNT-SU8 nanocomposites as a function of 
1/Ln for the as-milled (filled squares) and the bi-modal (filled circles) CNTs. Both sets of data follow a common 
curve, which evidences a quasiuniversal behaviour that is independent of the particular distribution of the CNT 
lengths. The dashed line is a linear fit to equation (6) where the clustering factor Zcl is assumed to be a constant. 
The solid line is a non-linear fit obtained by assuming that Zcl scales as 
βL1/ n , with β = 1/10. (b) Schematic 
representation of the CNT network: the nanotubes form local clusters in the epoxy matrix. (c) Values of the 
localisation length ξ obtained from nonlinear fits of the conductivity for different values of the exponent β.  
(d) Clustering factor as a function of L1/ n for β ranging from 0.05 to 0.3 (from top to bottom).
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broad scenarios. In the first, the probability that a CNT belongs to a cluster diminishes as the CNT concentration 
is reduced. In this case, Zcl is roughly proportional to φ at low CNT loading, and our theory predicts that the 
conductivity eventually becomes dependent only on Lw for values of φ sufficiently small such that Z 1cl . In the 
second scenario, the cluster number Zcl remains finite even as the volume fraction becomes arbitrarily small, as 
the nanoparticles may clump together quite strongly due to Van der Waals forces and/or covalent bonding. In this 
case, the conductivity may display a 1/Ln-scaling regardless of the CNT volume fraction.
The ultimate proof of our claim would require an extensive experimental study involving the control of the 
dispersion of the nanotubes in the matrix. According to equation (5), indeed, the relevant CNT length scale 
would change from ∼Ln to ∼Lw as the particle dispersion in the matrix could be varied from cluster-dominated 
to homogeneous. Finally, we point out that since local clustering of the nanotubes is typical in real materials34, the 
combined effect of polydispersity and clustering discussed here should be a common feature of other 
CNT-polymer nanocomposites, which could be tuned by the morphological control of the conductive network4.
Methods
CNT synthesis and ball milling. Multiwalled CNTs were synthesized by catalytic chemical vapour depo-
sition of acetylene using Fe-Co catalytic particles supported by calcite. The synthesis of CNTs was carried out in 
a horizontally mounted quartz furnace at 720 °C under flow of acetylene and Nitrogen for 2 hours. In order to 
remove the catalytic particles and the supporting material, as-grown CNTs were purified by stirring in hydrochlo-
ric acid of 1 Molar, filtered and washed with distilled water and ethanol. The average length and diameter of the 
as-produced CNTs were approximately 10 m and 16 nm, respectively.
The as-grown CNTs were cut by planetary ball milling in a liquid environment (Gamma-butyrolactone). We 
have processed batches consisting of ZrO2 balls of 3 mm of radius, Gamma-butyrolactone, and CNTs in mass 
proportion of 40:20:1 in 250 ml zirconium oxide-lined jars.
Preparation of the CNT-SU8 composites. CNTs of given length distributions were dispersed by soni-
cation in the presence of surfactant in a SU8 epoxy matrix (Gersteltec, grade GM1060), which is constituted by 
SU8 resin and 40% of solvent. Subsequently, the ink was spread on a clean glass slide by doctor blading and was 
soft-baked following a temperature ramp lasting 15 min up to 95 °C to evaporate the solvent.
CNTs with bimodal distribution of lengths. We produced CNTs with bimodal distributions of the nano-
tube lengths by mixing the Long and Short batches of the as-milled CNTs with chosen values of the number 
fraction = +p N N N/( )Long Long Short , where NLong and NShort are the number of the Long and Short nanotubes, 
respectively. In practice, for a given value of p we took the weight ratio of the Long nanotubes over the Short 
nanotubes such that
=
〈 〉
〈 〉
=
−
〈 〉
〈 〉
N
M
N L
N L
p
p
L
L1
,Long
Short
Long Long
Short Short
Long
Short
where 〈 〉 ∼L 2277Long  nm and 〈 〉 ∼L 590Short  nm are the mean nanotube lengths measured from the Long and 
Short CNT batches, respectively.
Calculation of the critical distance. Two nanotubes are considered as connected if the separation between 
their closest surfaces is smaller than a given distance δ. The critical distance δc is defined as the minimal distance 
such that a giant component of connected nanotubes exists. We model the nanotubes as wormlike impenetrable 
cylinders with distributed lengths and diameters and calculate δc by using the random geometric graph theory of 
continuum percolation35,37. The advantage of this method compared to the integral equation theory is that there 
is no need to invoke thermodynamic equilibrium of the nanoparticles. Let us introduce the probability pij that a 
cylinder of length Lj and diameter Dj is found within a distance δ from a given cylinder of length Li and diameter 
Dj. Using a curvilinear coordinate system38, the probability can be written as:
∫ ∫ ∫ γ= ′ Δ〈| ′ |
× Δ ′ 〉
δ+
ˆ ˆ
ˆ ˆ
p
V
ds ds d sin u s u s
g u s u s
2 ( ( ), ( ))
( , ( ), ( )) , (7)
ij
L L
D
D
ij
0 0
(2)
i j
ij
ij
where V is the volume of system, Δ is the distance between the closest contour points s and s′, = +D D D( )/2ij i j , 
uˆ s( ) and ′uˆ s( ) are unit tangent vector at the contour points, and γ ′ˆ ˆu s u s( ( ), ( )) is the angle formed by uˆ s( ) and ′uˆ s( ). 
In equation (7) gij
(2) denotes the pair distribution function which is proportional to the probability of finding two 
cylinders at relative distance Δ and local orientations uˆ s( ) and ′uˆ s( ), and 〈 〉  is an average with respect to the 
waviness of the cylinders. The mean number of nanotubes at distance δ from the given nanotube is =Z Nx pij j ij, 
where N is the total number nanotubes and xj is the fraction of nanotubes of length Lj and diameter Dj.
To account for the existence of local clusters of nanotubes we use a minimal model in which gij
(2) is strongly 
peaked at Δ = Dij  and g 1ij
(2)  for Δ > Dij . In this way Zij  can be written as: =Z x Z L L( , )ij j i j , where 
= +Z L L Z( , )i j cl  ρπ δL L /2i j , where ρ = N V/ , Zcl is the number of cylinders belonging to a cluster, and where we 
have set γ π〈 〉 sin /4 in equation (7) because the average with respect to the waviness of the cylinders is essen-
tially an average over an isotropic orientation of the tangent vectors uˆ s( ) and ′uˆ s( ).
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If we neglect the contribution of closed loops of connected cylinders, then the mean size Si of the component 
to which the selected cylinder belongs is = + ∑S x x Z Ti i i j ij j, where
∑= +T Z T1 ,
(8)j l
jl l
is the mean size of the branches connected to the the j-th cylinder. Equation (8) can be rewritten as in equation 
(4) if we define the average over the nanotube lengths as 〈 〉 = ∑ x( ) ( )i i . The critical distance δc is obtained by 
requiring that = ∑S Si i diverges, which, using equation (8), is equivalent to ask that = ∑ = 〈 〉S x T T L( )i i i  goes to 
infinity.
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